The equations governing the thermoelastic-plastic flow of isotropic solids in the PrandtlReuss and small anisotropy approximations in Cartesian coordinates are generalized to arbitrary coordinate systems. In applications the choice of coordinates is dictated by the symmetry of the solid flow. The generally invariant equations are evaluated in spherical, cylindrical (including uniaxial), and both prolate and oblate spheroidal coordinates.
Introduction
The plastic deformation of a single crystal of a metal or alloy is mediated by the motion (glide) of dislocations [1] , which are linear topological crystal defects, in preferred glide planes and directions characteristic of the crystal structure. Dislocation motion is accompanied by the relative slip of the crystal on opposite sides of the glide plane; the glide of a high density of dislocations under an applied stress is manifested at the macroscale as continuous plastic deformation. The pairs of glide planes and directions along which the dislocation glide occurs are the so-called slip systems, which are specified by their Miller indices [2] . Yielding on a given slip system is described by the Schmid Law [3] : a single crystal yields in a given slip system s only if the resolved (component of) shear stress achieves a critical value τ s , the yield strength of slip system s. For each active slip system there is an associated hyperplane in stress space on which the resolved shear stress equals τ s . Single crystals yield on the stress space surface which is the inner envelop of all such hyperplanes, that is, on a polyhedron in stress space. The theory and modeling of single crystal plasticity is an ongoing enterprise, see [4] and references therein.
In this paper the focus is on metal polycrystals, i.e. aggregates of single crystals or grains. The grains in a typical metal polycrystal range in size from a few microns to about 1 millimeter. On a length scale larger than the grain size the polycrystal is isotropic if the grains are randomly oriented. However, plastic deformation of the polycrystal, for example, forming processes, can give the grains a preferred orientation, in which case the polycrystal is anisotropic.
In the continuum, or macroscopic, theory of polycrystal plasticity the microstructural features of the metal, such as grain size and the spatial distribution of dislocations, are represented by continuous variables or parameters that describe the internal state of the material [5, 6] . The evolution of the internal state variables χ i , which can be scalars, vectors, or tensors, may be described by equations of the formχ
(1.1) where˙ p jk is the symmetric plastic strain rate tensor. The strain rate˙ p jk must be a function of the stress tensor τ ij , the temperature, T , and the internal state variables; τ ij is the Cauchy stress, thus the i-component of the force on a surface element of area dS with unit normal n is τ ij n j dS. The components of the stress tensor can be replaced by the equivalent setP , s ij defined byP
the s ij are the stress deviators andP is the mean compressive stress. The stress deviation tensor is traceless, s ii = 0, andP can be identified with the pressure only if all s ij vanish. The condition for plastic yield may be written
The surface in deviatoric stress space defined by Equation (1.3) is the yield surface. The wellknown normality flow rule states that an incremental plastic strain is normal to the yield surface in τ ij space. It follows that
where ξ is dimensionless. In the case of an isotropic polycrystal, the yield function can depend on its vector and tensor arguments only through their rotational invariants. In particular, it can depend on the stress deviation tensor only through its two rotational invariants S 2 = (1/2) s ij s ji and S 3 = (1/3) s ij s jk s ki . An S 3 -dependent yield function can result in various second-order phenomena [7, 8] ; we assume that f is independent of S 3 . Similarly, we assume that f depends on the plastic strain rate only through the rotational invarianṫ
ψ is the equivalent plastic strain. The notation is that of Wallace [9] ; the equivalent plastic strain is denoted by many authors. The simplest possible yield condition is then
This is the classical von Mises yield condition [10] which in principal axes (those that diagonalize τ ij ) reads s
which is the equation of a sphere in deviatoric stress space. Using Equation (1.4) we obtain
where
This proportionality of the plastic strain increments to the stress deviators is known as the Prandtl-Reuss approximation [11, 12] . Work hardening, i.e. the increase in yield strength with deformation, is represented by an increase in the radius K of the von Mises yield sphere. It can be modeled most simply by replacing the dependency of K on the χ i by a dependence on only ψ. In effect, ψ is used as an approximate internal state variable. Replacing χ i in (1.6) with ψ, using (1.9), and then solving forψ would give a constitutive relation of the forṁ ψ =ψ τ, ψ, T,P .
(1.10)
Since the microstructure of a metal depends on the deformation path and not just on the integrated plastic strain along that path, ψ is certainly not a true state variable. Nevertheless, a constitutive relation of this form for isotropic metals and alloys works very well in practice. We shall use constitutive relation (1.10) in this paper.
In accordance with Eqn. (1.10) the plastic flow stress, defined as σ = 2 τ , is measured in the laboratory as a function of ψ for various choices of T andψ. These stress-strain curves can be measured by mechanical testing machines (ψ ≤ 10 2 s −1 ), Hopkinson bars (10 2 s −1 ≤ψ ≤ 10 4 s −1 ), and other techniques at higher strain rates. For a review of experimental methods to determine the plastic flow properties of metals, see e.g. [13, 14] and references therein.
The description of a macroscopic solid flow process requires, in addition to the plastic constitutive relation, partial differential equations for mass, momentum, and energy conservation, entropy production, andP (x, t), s ij (x, t), and T (x, t). The complete set of equations describing the plastic flow of an isotropic polycrystal in the Prandtl-Reuss approximation has been derived by Wallace in Cartesian coordinates [9, 15] .
Whenever a plastic flow process exhibits a certain symmetry it is most conveniently formulated in a coordinate system that respects that symmetry. In this paper we generalize the thermoelastic-plastic flow equations from Cartesian to general coordinates. Although some of the equations (e.g. momentum conservation) have been expressed in a more general form (see e.g. [16, 17] ), the full set of thermoelastic-plastic flow equations in general coordinates has never been published, but only appeared in an internal report by one of us [18] . Given the generally covariant (invariant) equations, the flow equations in particular coordinate systems can be straightforwardly derived. Here we evaluate the generally invariant equations in spherical, cylindrical (including uniaxial), and spheroidal coordinates; these coordinates were chosen in view of their potential applications to modeling or experiments respecting those symmetries. In particular, spheroidal coordinates could be used for the description of non-spherical void growth in ductile materials [19] [20] [21] [22] ; previous theories of void growth have not taken into account the full set of thermoelastic-plastic flow equations.
Derivation of thermoelastic-plastic flow equations
We begin with a brief derivation of the thermoelastic-plastic flow equations of an isotropic material in the Prandtl-Reuss approximation following references [9, 18] (see also [15, 23] ).
On length scales much greater than that of the microstructure, a polycrystal can be modeled as a continuum, hence it can be divided into infinitesimal mass elements. The location of a mass element at time t in some spatially fixed, i.e Eulerian, coordinate system is x i (t). Alternatively, one may also choose to work with Lagrangian coordinates X i which are carried by the mass elements through the course of their motion and which serve as "labels" for the mass elements. At some initial time t 0 the mass element may be located at X i = x i (t 0 ). Any material variable Q may be expressed in terms of Eulerian or Lagrangian coordinates, i.e. Q(x i , t) or Q(X i , t) respectively. The Eulerian and Lagrangian time derivatives are related via
where ∂ t := ∂ ∂t and ∂ i := ∂ ∂x i (the latter always referring to Eulerian coordinates). Introducing the transformation matrix between Eulerian and Lagrangian coordinates as
the relation between the Lagrangian and Eulerian spatial derivatives of a scalar quantity Q follows from the chain rule 1 :
Mass and momentum conservation
In order to derive the mass and momentum conservation equations for infinitesimal mass elements, we follow here a different approach than that employed in the material science literature:
We use relativistic notation to combine energy, momentum, and the stress tensor into the energymomentum tensor T µν where µ, ν ∈ 0, 1, 2, 3 and 0 denotes the temporal coordinate x 0 = ct with c the speed of light. In general, it can be derived by varying the action (i.e. the space-time integral of the Lagrangian) with respect to the space-time metric (which may be set to the flat one after varying). It follows that T µν is symmetric in its indices. Furthermore, as a consequence of diffeomorphism invariance of the action it is covariantly conserved
as can be checked by applying Noether's theorem. Here ∇ µ is the covariant derivative. The covariant derivatives of a vector v α and a (contravariant) second-rank tensor T αβ are
are the usual Christoffel symbols with respect to the metric g αβ . For a recent review and guide to the literature on the energy-momentum tensor and Noether's theorem see [24] . Here we are, of course, interested in flat space-time in the nonrelativistic limit where all velocities are much smaller than c. However, we do want to derive our equations for arbitrary coordinates and therefore keep the general relativistic notation; see [25] for an introduction to general relativity and the formalism we use in this section. Thus, we may write for our infinitesimal mass element of density ρ and speed v i = ∂ t x i c :
where i, j ∈ 1, 2, 3 and τ ij = τ ji is the Cauchy stress. 2 Equation (2.4) for ν = 0 is the mass conservation equation (or energy conservation since E = ρc 2 ) in general Eulerian coordinates. Since ∂ 0 = (1/c)∂ t the speed of light cancels out and we find
Since the Christoffel symbol Γ 0 00 vanishes we have ∇ t ρ = ∂ t ρ, and using the relation (2.1) we may convert it to mixed Lagrangian/Eulerian form where the time derivative is Lagrangian:
Likewise, we derive the momentum conservation equation by considering ν = i ∈ 1, 2, 3 which yields
in Eulerian form. Again, we have ∇ t → ∂ t since the corresponding Christoffel symbols vanish (assuming the metric g µν satisfies ∂ 0 g µν = 0 = g 0i and g 00 constant). Let us examine the first term of the l.h.s. of Eqn. (2.9) more closely: 
in Eulerian and Lagrangian form, respectively; we will generally use the latter.
Displacements and strain
The displacement of a mass element from its initial position is u i = x i (X j , t) − X i . Deformation changes the initial separation of two material points from dX i to 13) where∇ j denotes the covariant derivative with respect to the Lagrangian coordinate X j . We may therefore write the displacement gradients as
14)
2 Symmetry of τ ij in its indices may also be checked explicitly by using angular momentum conservation [9] .
which defines the tensorᾱ i j :=∇ j x i . Note thatᾱ i j = α i j in Cartesian coordinates, but not in general. Hence
is the finite strain tensor of Murnaghan [27] (also known as Lagrangian strain or as the GreenSaint-Venant strain tensor [17] ) and g ij is the metric tensor for the coordinate system under consideration. Note that (2.16), which is often used in the Lagrangian description of plasticity, is not the only definition of finite strain: Another example (which we will not use here) is the Eulerian Almansi finite strain, which constitutes the Eulerian pendent to our present Lagrangian strain. While both strain tensors mentioned above measure the change in length compared to the original length (which is referred to as "engineering" strain), it is sometimes useful to consider logarithmic (or "natural") strain instead [17] . For each of these strain measures there is a corresponding conjugate stress. For example, the stress which is the conjugate to Lagrangian strain is the second Piola-Kirchhoff stress [17] which can be easily transformed to the more commonly used Cauchy stress. A further infinitesimal deformation δx i = x i − x i changes the separation dx i to 
with
Furthermore, let us define the "infinitesimal strain" ij as the symmetric part of u i
Clearly, to linear order in the infinitesimal strain i j we have η ij ≈ ij + O(( ij ) 2 ); see (2.16). Although we will occasionally use the approximation η ij ≈ ij in our derivations below, the thermoelastic-plastic flow equations, which we summarize in (3.1), are generally valid for finite strain [15] .
Finally, any second rank tensor A ij transforms under active infinitesimal rotations according to dA ij ω = −g jl A ik dω kl + g il dω l k A kj , where
Energy conservation
According to the first law of thermodynamics, a differential change in internal energy U is the sum of the differential changes in work dW (which may be divided into elastic and plastic contributions) and heat increment dQ:
Experiments teach us that only a small amount of plastic work goes into changing the defect structure of the material, i.e. most of the work is dissipated. In order to simplify our equations we make the approximation that all plastic work is converted into heat 3 and thus the total entropy increment is
Now consider a small region R of material bounded by surface S. An infinitesimal deformation of the material changes the coordinates of a point from x i to x i + δx i . The work done to effect this infinitesimal deformation is
where we have absorbed the square root of the determinant of the metric inside dV . Being metric compatible, the covariant derivative has the property ∇ k g ij = 0. If we now assume that ∇ i τ ij ≈ 0 for S sufficiently small, which in Cartesian coordinates translates to the stress tensor being approximately constant over the small region R, we may write dw = g ij τ ik R ∇ k δx j dV . Note that only the symmetric part of ∇ k δx j contributes because the Cauchy stress τ ij is a symmetric tensor. Finally, if we assume that ∇ k δx j is nearly constant over R, we may divide the equation by the infinitesimal mass of r and write the work per unit mass as 4 where sub-/superscripts "e" denote elastic contributions. It can be shown [18] that all quantities are in fact independent of the chosen initial time t 0 (as they must be). We therefore have the freedom of choosing our current configuration as our initial configuration, which means that α i j = δ i j =ᾱ i j (since u i → 0) and dη ij → d ij where
It follows from equations (2.26) and (2.27) that
3 Typically more than 87% of the plastic work (depending on the material it may be much more) is dissipated [28, 29] . However, the error we incur in the present approximation is worth the significant simplification of the theory [30] . 4 Note that the second Piola-Kirchhoff stress tensor T mn is related to the Cauchy stress
n j τ ij in our current notation, see e.g. [17] for definitions of the various stress tensors. In order to do so, we will need the relations 
Stress tensor and temperature increments
Choosing again our current configuration as our initial configuration, we obtain the adiabatic stress strain coefficients B ijkl s to lowest order in the infinitesimal strains
As their name indicates, these coefficients relate changes in strain to changes in stress at constant entropy. The second term of (2.29) can similarly be computed from (2.31) with the result we find with the same assumptions as before and using the result (2.35)
(2.40)
The small anisotropy approximation
We now assume that the unstressed metal is isotropic. However, in an applied anisotropic stress field the elastic strains are anisotropic hence the material is anisotropic.During elastic-plastic deformation the stress deviators must lie within or on the yield surface. The magnitudes of the s ij are limited to values much less than the shear elastic constants. Therefore the elastic strains are small and consequently the material anisotropy is small. It then follows that the thermoelastic coefficients may be replaced by their values at zero elastic strain, i.e. γ ij → γg ij , C e → C V (the constant volume heat capacity), and the B ijkl s become linear combinations of B and G, the bulk and shear moduli respectively (see references [9, 15, 30] for details). These replacements will be referred to as the small anisotropy approximation
Generally invariant thermoelastic-plastic flow equations
We now derive the generally invariant (form invariance under arbitrary coordinate transformations) thermoelastic-plastic flow equations assuming small material anisotropy and an S 3 -independent yield function, i.e. the Prandtl-Reuss approximation. They are derived from those valid in Cartesian coordinates by substituting covariant derivatives for ordinary spatial derivatives and by substituting absolute derivatives for Lagrangian time derivatives. Note that these replacements have no effect on scalar quantities. The placement of indices as either superscripts or subscripts is no longer arbitrary -each term in an equation must transform the same under a change in coordinates.
The absolute derivative of the total strain will appear frequently in the following. It is trivially obtained from (2.27) by dividing by dt 
Likewise, equation (2.40) for the temperature becomes
Finally, the entropy production equation is given by (2.23). Using dW p = τ ij d p ij = 2τ dψ and assuming that the dominant form of heat transport is conduction, i.e. ρdQ = −∇ i J i ≈ κ∇ 2 T dt (assuming negligible change in the heat flow, dJ J in the relaxation time), we have
When considering specific geometries we will often neglect the heat transport entirely, and assume κ∇ 2 T = ρT ∂ t S − 2τ ∂ t ψ ≈ 0, which will lead to further simplifications. Plastic constitutive:
Summary of the generally invariant equations
∂ t ψ =ψ(τ, ψ, T,P ) ,(3.
1a)
Mass conservation:
1c)

Stress tensor increments:
trace part:
trace-free part:
1e)
Temperature increment:
1f)
Entropy production:
Energy conservation:
where the absolute derivative in (3.1e) is given by
and
In the following sections the generally invariant equations are evaluated in spherical, cylindrical, and spheroidal coordinates.
Spherical symmetry
In spherical coordinates the line element is ds 2 = dr 2 +r 2 dθ 2 +r 2 sin 2 θdφ 2 and the non-vanishing Christoffel symbols are:
Spherical symmetry further implies
from which it follows that s θ θ = − Mass conservation: 
Stress tensor increments:
∂ t σ = B − 4 3 G 1 ρ ∂ t ρ + 2 (G + τ γ) ∂ t ψ , (5.6d) ∂ t τ = G ∂ t ρ ρ − 3 2 ∂ t ψ ,(5.
6e)
6f)
in agreement with the equations first obtained by Wallace [9] .
Equations in spheroidal coordinates
For problems which deviate from spherical symmetry, spheroidal coordinates may be more useful. Two cases are of interest: prolate and oblate. Both lead to very similar expressions for the thermoelastic-plastic flow equations.
Prolate spheroidal coordinates
We first consider prolate spheroidal coordinates defined by x = sinhµ sin θ cos φ , y = sinhµ sin θ sin φ , z = coshµ cos θ , (6.1) from which dx, dy, dz in terms of the new coordinates µ, θ, φ are easily calculated. The line element for prolate spheroidal coordinates thus reads
and the non-vanishing Christoffel symbols are:
Axial symmetry implies
we may write all equations in terms of the four variables τ µ µ , s µ µ , s θ θ , s µ θ . We thus find the thermoelastic-plastic flow equations (again for vanishing heat flow where ρT ∂ t S ≈ 2τ ∂ t ψ):
5a) Finally, upon using the mass conservation Eqn. (6.5b), the sums and differences of (6.5f), (6.5g) yield: 
Oblate spheroidal coordinates
Oblate spheroidal coordinates are defined similarly to the previous case x = coshµ cos θ cos φ , y = coshµ cos θ sin φ , z = sinhµ sin θ , (6.7) from which the line element is derived to be ds 2 = h 2 (dµ 2 + dθ 2 ) + cosh 2 µ cos 2 θdφ 2 with h 2 the same as in the previous section. It differs from the prolate case only by the coefficient of dφ 2 . The non-vanishing Christoffel symbols are: Note, that the first six (i.e. the entire first line above) are equal to the prolate case; only the last four Christoffel symbols differ.
As expected, the thermoelastic-plastic flow equations in oblate spheroidal coordinates are very similar to the prolate case; the only ones that differ are:
